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Readings

• Chapter 7

• Appendix C

Outline

•  Propositional Satisfiability problem

• Normal forms 

• DPLL algorithm





val(X): All states e.g. 𝐼3 

All executions of Collatz with 𝑥0 ∈ [1,200] stays inside 𝑥𝑖 ≤ 10,000 

“Exactly one process has a token”

𝐼1: 𝑖 ∈ 𝑁  ℎ𝑎𝑠𝑇𝑜𝑘𝑒𝑛 𝒙, 𝑖 } ≥ 1

“At least one process has a token”
𝐼≥1: 𝑖 ∈ 𝑁  ℎ𝑎𝑠𝑇𝑜𝑘𝑒𝑛 𝒙, 𝑖 } ≥ 1

“All processes have values at most  K-1”

𝐼3: ∀𝑖 ∈ 𝑁 , 𝑥 𝑖 ≤ 𝐾 − 1

“Car always stops at stop sign”

“Drone does not deviate more that 5m from ref path”

Invariant e.g. 𝐼≥1

𝑅𝑒𝑎𝑐ℎ𝒜(Θ)

𝚯

Invariants



Asynchronous Nondeterministic Automaton
We will write automata precisely using this style 

automaton DijkstraTR(N:ℕ, K: ℕ), where K > N

   variables
      x:[[N] -> [K]]

   actions
      update(i:[N])

   transitions
       Update(p=0)
          Pre has_token(i) and i== p        
          Eff x[i] = (x[i] + 1) %  K
       Update(p>0)
          Pre has_token(i) and i == p        
          Eff x[i] = x[i-1]

An automaton 𝒜 is a 4-tuple 〈𝑉, Θ, 𝐴, 𝒟〉 where

• 𝑉 = {𝑥} 

• 𝑡𝑦𝑝𝑒 𝑥 = 𝑁 → [𝐾]

• State space ≡ 𝐾 𝑁

• Θ = ⋯

• 𝐴 = {𝑢𝑝𝑑𝑎𝑡𝑒 0 , 𝑢𝑝𝑑𝑎𝑡𝑒 1 , … , 𝑢𝑝𝑑𝑎𝑡𝑒(𝑁 − 1)} 

• 𝒟 = 𝒙, 𝑢𝑝𝑑𝑎𝑡𝑒(𝑖), 𝒙′  𝑖 ∈ 𝑁 ∧  ℎ𝑎𝑠𝑇𝑜𝑘𝑒𝑛(𝒙, 𝑖) 

– If 𝑖 = 0 then 𝒙′ 0 = 𝒙 𝑁 − 1 + 1 % 𝐾 

– If 𝑖 ≠ 0 then 𝒙′ 𝑖 = 𝒙 𝑖 − 1 } 

This is a nondeterministic automaton. 

All processes with tokens could perform a transition



Proving invariants by induction (Chapter 7)

Theorem 7.1. Given an automaton 𝒜 = 〈𝑋, Θ, 𝐴, 𝒟〉 and a set of states 𝐼 ⊆ val 𝑋  if: 

• (Start condition) for any 𝒙 ∈ Θ implies 𝒙 ∈ 𝐼, and

• (Transition closure) for any 𝒙 →𝑎 𝒙’ and 𝒙 ∈ 𝐼 implies 𝒙′ ∈ 𝐼

then 𝐼 is an (inductive) invariant of 𝒜. That is 𝑅𝑒𝑎𝑐ℎ𝒜 Θ ⊆ 𝐼.

Given an automaton 𝒜 = 〈𝑋, Θ, 𝐴, 𝒟〉 and a candidate invariant  𝐼 ⊆ 𝑉𝑎𝑙(𝑋) we want to 
check that 𝑅𝑒𝑎𝑐ℎ𝒜 ⊆ 𝐼.

One approach for finite automata: Perform BFS (as in reachability analysis) and check if any 
state in 𝐼𝑐  is reached

This may not scale. Alternatively: 



Proving invariants by induction (Chapter 7)

Proof. Consider any reachable state 𝒙.  By the definition of a reachable state, there exists an execution 
𝛼 of 𝒜 such that 𝛼. 𝑙𝑠𝑡𝑎𝑡𝑒 =  𝒙. 

We proceed by induction on the length 𝛼

For the base case, 𝛼 consists of a single starting state 𝛼 = 𝒙 ∈ Θ, and by the Start condition, 𝒙 ∈ 𝐼. 

For the inductive step, 𝛼 = 𝛼′𝑎 𝒙 where 𝑎 ∈ 𝐴. By the induction hypothesis, we know that 
𝛼′. 𝑙𝑠𝑡𝑎𝑡𝑒 ∈ 𝐼. 

Invoking Transition closure on 𝛼′. 𝑙𝑠𝑡𝑎𝑡𝑒 →𝑎 𝒙 we obtain 𝒙 ∈ 𝐼. QED

Theorem 7.1. Given a automaton 𝒜 = 〈𝑋, Θ, 𝐴, 𝒟〉 and a set of states 𝐼 ⊆ val 𝑋  if: 

• (Start condition) for any 𝒙 ∈ Θ implies 𝒙 ∈ 𝐼, and

• (Transition closure) for any 𝒙 →𝑎 𝒙′ and 𝒙 ∈ 𝐼 implies 𝒙′ ∈ 𝐼

then 𝐼 is an (inductive) invariant of 𝒜. That is 𝑅𝑒𝑎𝑐ℎ𝒜 Θ ⊆ 𝐼.



Proving invariants by induction for Dijkstra

• 𝐼1: “Exactly one process has the token”.

• 𝐼1 ≡ 𝑥 0 =  𝑥 𝑛 − 1  ഥ∨  𝑥 1 ≠  𝑥 0  ഥ∨  𝑥 2 ≠ 𝑥 1  … ഥ∨  𝑥 𝑛 − 2 ≠  𝑥 𝑛 − 1

(Start condition): Fix a 𝒙 ∈ Θ. 𝒙 ⊨ ∀𝑖 𝒙. 𝑥 𝑖 = 0 therefore 𝒙 ⊨ 𝐼1

(Transition closure): Fix a 𝒙 →𝑎 𝒙′ such that 𝒙 ∈ 𝐼. 

Two cases to consider. 

1. If 𝑎 = 𝑢𝑝𝑑𝑎𝑡𝑒(0) then
a) since 𝒙 ⊨ 𝑃𝑟𝑒 𝑢𝑝𝑑𝑎𝑡𝑒 0  it follows that 𝒙. 𝑥 0 = 𝒙. 𝑥[𝑁 − 1]
b) since 𝒙 ⊨ 𝐼1 it follows that ∀𝑖 > 0 𝒙. 𝑥 𝑖 = 𝒙. 𝑥[𝑖 − 1]

c) 𝒙′. 𝑥 0 ≠ 𝒙′. 𝑥[𝑁 − 1]  by applying (a) and 𝐸𝑓𝑓 𝑢𝑝𝑑𝑎𝑡𝑒 0  to 
𝒙

d) 𝒙′. 𝑥 1 ≠ 𝒙′. 𝑥[0]  by applying (b) 𝐸𝑓𝑓 𝑢𝑝𝑑𝑎𝑡𝑒 0  to 𝒙
e) ∀𝑖 > 1 𝒙′. 𝑥 𝑖 = 𝒙′. 𝑥[𝑖 − 1] by applying (b) 𝐸𝑓𝑓 𝑢𝑝𝑑𝑎𝑡𝑒 0  to 𝒙
Therefore 𝒙′ ⊨ 𝐼.

2. If 𝑎 = 𝑢𝑝𝑑𝑎𝑡𝑒 𝑖 , i > 0 then fix arbitrary 𝑖 > 0 … (do it as an exercise) 

automaton DijkstraTR(N:Nat, K:Nat), K > N
actions
      update(i:[N])
  variables
      x:[[N] -> [K]] initially forall i:ID x[i] = 0
   transitions
      update(i=0) 
        pre x[i] = x[(N-1)]
        eff x[i] := (x[i] + 1) %  K
   
       update(i>0)
         pre x[i] ~= x[i-1]
         eff x[i] := x[i-1]

Theorem 7.1. Given a automaton 𝒜 = 〈𝑋, Θ, 𝐴, 𝒟〉 and a set of states 𝐼 ⊆ val 𝑋  if: 

• (Start condition) for any 𝒙 ∈ Θ implies 𝒙 ∈ 𝐼, and

• (Transition closure) for any 𝒙 →𝑎 𝒙’ and 𝒙 ∈ 𝐼 implies 𝒙′ ∈ 𝐼

then 𝐼 is an (inductive) invariant of 𝒜. That is 𝑅𝑒𝑎𝑐ℎ𝒜 Θ ⊆ 𝐼.

From Theorem it follows that 𝐼1 is an invariant of DijkstraTR



Summary

• Invariants over-approximate reachable states

• Given an automaton 𝒜 = 〈𝑋, Θ, 𝐴, 𝒟〉 and a candidate invariant  𝐼 ⊆
𝑉𝑎𝑙 𝑋 , to check that 𝑅𝑒𝑎𝑐ℎ𝒜 ⊆ 𝐼.
• A sufficient condition is to check that 𝐼 satisfies start condition and transition 

condition of Theorem 7.1 

• Such an invariant is called an inductive invariant

• Use proof failure to get 𝐼′ which may be a stronger invariant, i.e., 𝐼′ ⇒ 𝐼

• All invariants are not necessarily inductive
• Show that 𝑹𝒆𝒂𝒄𝒉𝓐 is an inductive invariant



Boolean satisfiability problem

Given a well-formed formula in propositional logic, determine whether 
there exists a satisfying solution

Example: 𝛼 𝑥1, 𝑥2, … , 𝑥𝑛 ≡ 𝑥1 ∧ 𝑥2 ∨ 𝑥3 ∧ 𝑥1 ∧ ¬𝑥3 ∨ 𝑥2

 Set of variables: 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛},

 Each variable is Boolean: 𝑡𝑦𝑝𝑒 𝑥𝑖 = 0,1

Formula 𝛼 is well-formed if it uses propositional operators, and ∧, or ∨, not ¬, iff  etc., properly  

Recall, a valuation x of 𝑋 maps each 𝑥𝑖  to a value 0 or 1

A valuation x of 𝑋 satisfies 𝛼 is each each 𝑥𝑖  in 𝛼 replaced by the corresponding value in x evaluates 
to true. We write this as 𝒙 ⊨ 𝛼

Otherwise, we write  𝒙 ⊭ 𝛼

Example: with 𝒙 ≡ ⟨𝑥1 ↦ 1, 𝑥2 ↦ 1, 𝑥3 ↦ 0⟩; 𝒙 ⊨ 𝛼



Boolean satisfiability problem (SAT)
Given a well-formed formula in propositional logic, determine whether there exists a 
satisfying solution

Restatement: ∃𝒙 ∈ 𝑣𝑎𝑙 𝑋 : 𝒙 ⊨ 𝛼?

If the answer is ”No” then 𝛼 is said to be unsatisfiable

Aside. If ∀𝒙 ∈ 𝑣𝑎𝑙 𝑋 : 𝒙 ⊨ 𝛼 then 𝛼 is said to be valid or a tautology

If α is valid then ¬α is unsatisfiable

𝛼 and 𝛼′ are tautologically equivalent if they have the same truth tables

∀𝒙 ∈ 𝑣𝑎𝑙 𝑋 : 𝒙 ⊨ 𝛼 𝒙 ⊨ 𝛼′

What is a naïve method for solving SAT?

What is the complexity of this approach? How many evaluations of 𝛼 𝑥1, 𝑥2, … , 𝑥𝑛 ?  



Slide by Sayan Mitra using pictures 
from Wikipedia and cartoonstock.com

I Don’t Get No 
Satisfaction, 
but I try, try, 

try,…

I can prove 
why.

Prof. 

Cook

Stephen A. Cook:
The Complexity of Theorem-Proving Procedures. STOC 1971: 151-158

https://dblp.uni-trier.de/db/conf/stoc/stoc71.html#Cook71
https://dblp.uni-trier.de/db/conf/stoc/stoc71.html#Cook71


SAT is NP-complete

SAT was the first problem shown to be NP-complete [Cook 71]

 2-SAT can be solved in polynomial time (Exercise)

(Read definition of NP: Nondeterministic Polytime in Appendix C)

This has real implications

1. Essentially we don’t know better than the naïve algorithm 

2. A solver for SAT can be used to solve any other problem in the 
NP class with only polytime slowdown. i.e., makes a lot of sense 
to build SAT solvers

3. SAT/SMT solving is the cornerstone of many verification 
procedures

Stephen Cook, The complexity of theorem-proving procedures. In Proceedings of 
the third annual ACM symposium on theory of computing. STOC ‘71.



SAT problem in detail

We will assume 𝛼 to be in conjunctive normal form (CNF)

 literals: variable or its negation, e.g., 𝑥3, ¬𝑥3

 clause: disjunction (or) of literals, e.g., 𝑥1 ∨ 𝑥2 ∨ ¬𝑥3  

 CNF formula: conjunction (and) of clauses, 

  e.g., 𝑥1 ∨ 𝑥2 ∨ ¬𝑥3 ∧ ¬𝑥2 ∨ 𝑥1

 A variable may appear positively or negatively in a clause

 



Logic and circuits

Repeated subexpression (subcircuit) is inefficient

Solution: rename 𝐴 ∧ 𝐵 𝐸

𝐼′ ≡ 𝐷 ∧ 𝐸 ∨ ¬𝐶 ∧ 𝐸 ∧ 𝐴 ∧ 𝐵 𝐸

𝐼 and 𝐼′ are not tautologically equivalent

𝐶 = 0, 𝐴 = 𝐵 = 1, 𝐸 = 0 satisfies 𝐼

But they are equisatisfiable, i.e., 𝐼 is satisfiable iff 𝐼′ is also satisfiable

A

B

D

C

I

𝐼 ≡ 𝐷 ∧ 𝐴 ∧ 𝐵 ∨ ¬𝐶 ∧ 𝐴 ∧ 𝐵



Assignments

• HW1

• Learn z3
• https://ericpony.github.io/z3py-tutorial/guide-examples.htm

Readings 

• Chapter 7.5.3 of CPSBook on using SAT/SMT for verification

• Read chapter 4 for next week

• Reading more about decision procedures

https://ericpony.github.io/z3py-tutorial/guide-examples.htm
https://ericpony.github.io/z3py-tutorial/guide-examples.htm
https://ericpony.github.io/z3py-tutorial/guide-examples.htm
https://ericpony.github.io/z3py-tutorial/guide-examples.htm
https://ericpony.github.io/z3py-tutorial/guide-examples.htm
https://ericpony.github.io/z3py-tutorial/guide-examples.htm
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