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* Dynamical system models
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Requirements: Stability

We will focus on time invariant autonomous systems (closed
systems, systems without inputs)

x(t) = f(x(®)),xo € Rty = 0 —(1)

x(t) is the solution

|x(t)| norm

x* € R™is an equilibrium point if f(x*) = 0.

For analysis we will assume x* = 0 to be an equilibrium point
of (1) with out loss of generality



Example: Pendulum

Pendulum equation

x1=9 szg

Pendulum states vs time for initial condition 6(0)=1.0, 6(0)=0.0
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Two equilibrium points: (0,0), (7, 0)
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Lyapunov stability

Lyapunov stability: The system (1) is said to be Lyapunov stable
(at the origin) if

Ve > 0306, > 0suchthat
x| < 6. =2Vt=>0,[|E(xy, t)| < e

How is this related to
invariants and
reachable states ?




Asymptotically stability

The system (1) is said to be Asymptotically stable (at the origin)
if it is Lyapunov stable and

36,> 0 such that V|x,| < §, ast = o0, |E(xy, t)| = O.

If the property holds for any 4, then Globally Asymptotically
Stable

02



Phase portrait of pendulum with friction




Stability of nonlinear systems

* For any positive definite function of state V: R" - R

—V(x)=>0andV(x) =0iffx =0 /
° Sublevel sets of L, = {x € R™ | V(x) < p} q \ 5
* V(x(D) p \ /\ /
V differentiable with continuous first derivative N2V

. L,
. V= dV(x(t)) _ 9

dt -

. g—z.% (x(2)) = Z—Z.f(x) is also continuous

e V is radially unbounded if Hxl‘ - o0 = V(x) » o



Verifying Stability

. . Lyapunov Bowl with Contours and V
Theorem. (Lyapunov) Consider the system (1) with stat

- Trajectory
space x(t) € R" and suppose there exists a positive
definite, continuously differentiable function V: R" —

R. The system is:

V(xy,22) = xf + x5

1. Lyapunov stable if V(x(t)) = Z—Zf(x) <0, Vx#0

2. Asymptotically stable if V(x(t)) < 0,forallx#0

3. It is globally AS if Vis also radially unbounded.




Lyapunov Bowl with Contours and v

Proof : Lyapunov stable if V < 0

AssumeV < 0
Fix a ball B, around the origin of radius € > 0.

Pick a positive number b < IIr}in V(x).
X|=€&

Sublevel set L, = {x |V(x) < b} € B,

Claim. Lyis an invariant

— Forany x, € L, V(x(t)) <V(xy) <b

— Therefore x(t) € L,

Choose Bs © L,

Forany x, € Bs S L, we have x(t) € L, € B,

'—'wam@\‘m



Proof sketch: Asymptotically stable if V(x(t)) <0

Assume V < 0

Take arbitrary initial state |x(0)| < &, where this § comes from some ¢
for Lyapunov stability

Since V(x(.)) > 0 and decreasing along x it has a limitc > 0 at t — o
It suffices to show that this limit is actually O

Suppose not, ¢ > 0 then the solution x(0) evolves in the compact set
S ={x|r < |x| < €} for some sufficiently small r

Let d = max V(x) [smallest neg value, slowest rate]
This numjlcoeesr is well-defined and negative ~\\\\\\\§\\\\\

V(x(t)) < dforallt \ |
Vgt)(s))V(o) +dxt \\\

But then eventually V(t) < ¢

ks




Example: Pendulum

X = X9; X, = —asin(xy) — bx, where a = % b = %equilibrium (0,0)

: : 1
Consider the Lyapunov function V(x) = mgL(1 — cosx;) + Emszz2
— Observe that this is positive definite
— Continuously differentiable

V(x)——f( ) =3

: : k
= mgL(sinx;)x, + mszZ (—%sm(xl) — axz)
= —kL?x5 <0  Stable
V(x) = 0 only when x, =0
— The largest invariant subset of this set is (x4, x5) = (0,0)
— LaSalle’s invariance principle enables us to conclude Asymptotic Stability

axl



Example 2: Reasoning about stability without solving ODEs

X1 =—x1 + g(xz)'xz = _xz + h(x1)

1 X1 = —x1 +g(x3)
Given that | g(x,)| <22 |h(x))| < |x1|

1
e Usel = 5(x12 + x%) >0 Xy = —x3 + h(xq)

¢ V=x1561+x2562

—x§ —x5 +x19(x;) + x,h(x1)

2 2 4 1
S =Xy X + 5 (lxlle + |x2x1|) (aq] = |,)2 =0
1 2 2
< - (x12 + x22) — _V xi + x5 = 2|x1x,|
1
We conclude global asymptotic stability (in fact global le1xa] <5 (xf +x3)
exponential stability) without knowing solutions




Verifying Stability for Linear Systems

Consider the linear system x = Ax

Theorem.

1. It is asymptotically stable iff all the eigenvalues of A have strictly negative
real parts (Hurwitz).

2. It is Lyapunov stable iff all the eigenvalues of A have real parts that are
either zero or negative and the Jordan blocks corresponding to the
eigenvalues with zero real parts are of size 1.



Jordan decomposition

For every n x n matrix A, there exists a nonsingular n x n matrix P such that

_Jl 0 0 0 q _./t,' l 0‘ U’ "
PAP"'=J=| 0 0 J5 ... 0| Ji=| 0 0 A4 ... 0
O 0 O Je 0 0 0 A,

where each J; is a upper triangular matrix called a Jordan block



Example 1: Simple model of an economy

x: national income y: rate of consumer spending; g: rate government
expenditure

X=x —ay
y=pkx-y—g)

g =go + kx a, 3, k are positive constants
What is the equilibrium?
x* = Jox y — Jox
a—1-ka a—1-ka
Dynamics:

’ i§i=iﬁ<f—k> :21 iii



Example: Simple linear model of an economy

ca=3,=1,k=0 25

Mational income

o0t | — Rate of consumer spending |
— Lyapunov function

¢« A, A0 = (=25+i1.714)

* Negative real parts, therefore,

Income and Spending

asymptotically stable and the
national income and consumer
spending rate converge to x =

1.764 y = 5.294 L R

Time (x)



Proposition. If V is a Lyapunov function then every sublevel set
of Vis an invariant

Proof. V(x(t)) =

=V(x(0) + J, V(x(1))dr
< V(x(0))



An aside: Checking inductive invariants

A=(X, Qo, T)
— X: set of variables
— Qo S val(X)
— T S val(X) X val(X) written as a program x' € T'(x)
How do we check that I € val(X) is an inductive invariant?
— Qo = I(X)
- 1(X) = I(T(X))
Implies that Reach,4(Q,) S I without computing the executions or reachable
states of A
The key is to find such [



Finding Lyapunov Functions

 The key to using Lyapunov theory is to find a Lyapunov function
and verify that it has the properties

* In general, for nonlinear systems this is hard
 There are several approaches

— Quadratic Lyapunov functions for linear systems

— Decide the form/template of the function (e.g., quadratic, polynomial),

parameterized by some parameters and find values of the parameters so
that the conditions hold (Chapter 3 last section)

— V(x) can be represented by a neural network; compute V(x) using

symbolic or automatic differentiation tools, and check V(x) < 0,¥x € D
for some bounded domain D



Linear autonomous systems

x = Ax, A € R™"
The Lyapunov equation: ATP + PA+ Q =0
where P, Q € R™" are symmetric

Interpretation: V(x) = xT Px then
V(x) = (Ax)TPx + xTP(Ax)

ouT pv du ov
ing chain rul =—Pv+—PT
[using chain rule ” - Pv+— u|

=xT(ATP + PA)x = —xTQx

If xT Px is the generalized energy then —x” Qx is the associated dissipation

Choose Q (often an identity matrix) and find P by solving Linear Matrix Inequality(LMI)
feasibility problem



Quadratic Lyapunov Functions

If P > 0 (positive definite)

Vix) =x"Px=0ex=0

The sub-level sets are ellipsoids

If Q > 0 then the system is globally asymptotically stable



Same example

Lyapunov equations are solved as a set of

n(n+1)

O(n®)

Choose Q = [(1) (1)] solving Lyapunov

2.59 =229

—2.29 492
we get the quadratic Lyapunov function

(x — x*)P(x — x*)T an a sequence of
invariants

equations we get P =

equations in n(n + 1) /2 variables. Cost

and

Rate of consumer spending (y)
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Summary

Key requirements for dynamical systems: stability, asymptotic
stability

For linear systems, Hurwitz conditions or LMIs for verifying stability

For nonlinear systems, Lyapunov functions provide a general
method and certificate for proving stability

Checking Lyapunov conditions does not involve finding solutions of
the system

Finding Lyapunov functions involves solving optimization problems
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