







































































































Rectangular Hybrid Automata
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Verification problem from last lecture

output
YesInput A Rectangular

IIGet a mode

Can youfind such an

algorithm

Not decidable

Henzinger Kopke Puri Varaiyah 1995
Whats Decidable About Hybrid Automata



Control state reachability problem for
Rectangular Hybrid automata is undecidable

No clever scaling of clocks will make it a FSM

No other tricks to create any algorithm

A much faster GPU will not help

No one else can come up with any Alg

How do you prove a result like this



Computability theory

Decision problems A problem where we

expect yes no answer on any input

Eg Is x composite
Is a vertex in T reachable from
any vertex in S in the graphG V E

Think of Decision problems as

setsof string defining a language

I alphabet e g 8 50,13
set f strings of o or finite length

we particular string
wi ith symbol in the string

w 110011

Example I x e 2 1 x is composite
10 I 00 110 1000

Last x e
x is an encoding of a graph
with non negativecycles



Turing Machines Readonly
input tape

Finite Work
state tapes
control

write only

Gun output
tape

initially

one step



Deterministic Turing machine DTM

M Q E T S Go Grace Greg

Q Finite set of control stales
I finite input alphabet
522 finite tape symbols WE 512
go EQ initial state
Gaa EQ accept stale
que EQ reject state Greg Aacc

8 Q1 grace Eres x T't

G x L S R x Tx L S R Rx Tue

transition function

Example I tape TM for
checking Loa xx XE 2 3

palindromes



Executions fa TM

stale Configuration

Control state
Contents fall work tapes
positions fall heads

C E G x o n I x 3T IR
init A
Co go O W W W specialpos

of headHalting config
Aacc OR

Greg

Accepting config where control stale ishce

C Cz

Eg if 8 q a b q R Cal
and input w with wi a

then q i ad bp
Elbe

q it a de p

65C Cz



An input w is accepted by TM M
if it reachestaccepting configuration
from initial configuration Aacc

M rejects or does not accept w if
M reaches Grey
M never halts

LCM set f strings accepted by M

Church Turing thesis
Anything solvable using a mechanical
procedure can be solved using a TM

A language L is RecursivelyE merable
or semi decidable if there is a TM M
such that L L M

A Language is L Recursive or decidable
if there is a TM M that halts on

all input and L LCM

L is undecidable if it is not
decidable



Now we will use the
source code of a TM M
as the input to another
TM
Source code f M is denoted M NP Pspace

There are language that are not RE

Eg Ld M I M LCM

Proof Suppose Ld is RE Then FM
such that LCM Ld

em I am A LIMIT
Question M E LCM
Suppose 5M E L Mi

by Ld TM A L Mi

suppose IM L Mi

by def Ld IM E LCM

There is a language LE RE REC
that M I M halts on E

Halting problem is undecidable



How to show Lana is undecidable
T

Encoding of a RHAA and mode let
such that A reaches l

LRAA Aib I A reaches b

To solve problem A we often use a

Subroutine for solving problem B

E.g Reachability y MRA solved

by translating MRA to ITA t

Reachability of ITA

We can use the same idea to
show hardness of problems

Suppose a TM for deciding LR A
could be used to solve that
then we could conclude that LRHA is
also undecidable Axe Raa f ex ELtm



Reductions A reduction from A toB
is a function f from instances f
IA to instances B such that

solving A on a is same as solving
B on f Ge

y Algo for A HattingZCM

timothy for B

yAsr
RHA

Thus A is no harder than B

AS B
Our Application
A Halting problem for 2 CM
B CSR for RHA

HA t2h RH1



2Counter Machines 2cm

Finite program allowed
Two counters q

I
instructions

IN CC DECC
initialized to 0 INCD DECD

Emple 20M program for III TIED
1 IN CC
2 IN CC H c z

3 IN CD
4 INCD a

5 INCD
6 DECC Prime factorization
7 JNZC 3
8 11 Halting location

Decision problem Given a 2cm T
does T halt

22cmHALT Undecidable Minsky 67

20M can simulate arbitrary TMS



FIRM HALT RHA

Program counter PC locations modes
Counters C D Clocks Cid
Instructions Ince TNZD Constantrate

Halting location Transitions

Halting location

Idea f reduction

Two docks c d will simulate two counters
C D

e k Bt d r ki
C o c k

where W R Rz 0 are constant rates forclocks

Ince cacti c k ki ok
Decc Cfc 1 a ki Bt ekg

afterchecking ask



2cm f RHA

Q
ca c Fa

i automaton fragment
or widgetI

We have to provide widgets for
INEC DECC INCD JNZG
and then we are done

A building block Widget that preserves
the value of clock c

Pre C Wki

w ya
I RI
as W
CER W

Y W t k C wtf k
x



JNZC

sic o

9 c dew

U
Yea

wa car

Pred w

INCL Pree W

MEA
c 2 0 EYEz o

can
prea5

É acid I 19cg I
a c dew

g g
Égge any

pred w

d O

Reduction from 2cm to RHA



Putting it all together

Control state Reachability of RHA is

undecidable


