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Def Given a well formed formula in propositional

logic determine whether there exists a satisfying
solution or valuation

Boolean Satisfiability Problem SAT
Example 4 21,22 Kk E X 122 V23 A

Set of variables ni n ÉYdause
type ni B 0113

Boolean operators A V7

Well founded formula informal is a formula
involving the variables and operators properly

Recall a valuation maps each x EX to O B

A valuation satisfies a if each ni in a
replaced by xtievaluates to true
We write this as Kd

otherwise does not satisfy a s

Example N n I Na n I N 707 X

satisfies a XFL



Def Given a well formed formula in propositional

logic determine whether there exists a satisfying
solution or valuation

F Eval X A Fa

if Yes x is satisfiable
else a is tablets

if An Eval a x Fa then a is valid or

a tautology

if a is valid then 74 is unsatisfiable

4 and a are tautologicallyequivalent if
they have the same truth tables

Eval x Ntr n KL

d and d are
geq.ggatyiffiabtef It is also satisfiableL is



How to solve SAT

Build the truth table
R variable 2K EXP

2 SAT is poly time
all clauses have at most 2 variables

3 SAT is NP complete Cook 71 Stoe

A solver for SAT can be used to solve

any other problem in the NP Class
with only polynomial slow down

Make sense to build SAT solvers

Modern SAT Solvers can solve problems
with 10kt variables and million t

clauses
73 Yices CVC 4 maxsat chaff



How do SAT solvers work

We assume a to be in conjunctivenormal
form CNF

literals variable or negation 23 723
clause disjunction OR of literals

X V 22 V 723
CNF a formula conjunction f Clauses

N V22 I 7237 A 6722 V2

sea appears positively in the first clause
negatively in the second



How to construct CNF

Logic and circuits

run 24122 V 723121122

Ryn 21122 V 723 A G 122

57 É
Nz EDF



Ya

Ya 723

Yy 723 A 723 YU

GYU V93 r E3 V44

x 122 Y

G 122 Y n Y a na

G R r Nz Vy r T Y V Canna
72 V 722 VY A TY V21

1 TY V22

Y A 23 43

E Ya n y

30

a'I n n a



Standard representations of CNF

72 V 722 V25 A 725 V24

A 725 V22

se se's as as tri

as Nz

C I 2 5 5 1 5 2

DIMACS
SMT Lib



GSAT
input Clauses Cover X

parameters max flips max tries
output satisfying too

for i I to max tries
v random choice from Val X

fir j I to max flips
if U FC return v

pi variable in C sit flipping p
gives the largest increase in
Satisfied clauses

v V with assignmenttop flipped
return d



Davis Putnam Logemann Loveland
D PLL Algorithm 1962

Transform the given formula d by
applying a sequenceof satisfiability preserving
rules

if final result has no literals unsatisfiabl

if final result has no clauses 7 satisfiable

Davis Putnam Algorithm DP 1960

Rule 1 Unit propagation
Rule 2 Pure literal
Rule3 Resolution

If Unity
clause has a single literal

LE N V Tp v Nz A N n 723 V9pun
up

L'I N Vaz r n 723 V2 p D

a and a are equi satisfiable



Ruled Pure literal
A literal p appears only positively or negatively

set p 1 or o and remove all the

ip occurrences

LE o A ne v p v22 a fan Vip 1 n
723 V24 J o

p does not appear anywhere

Makes sense to set p o

d I o o n o o e r ooo 7 Nz V N J o o

Choose a literal p that appears both relyand
rely Cle Vez v u p

resolved clause lev law Vk Vk v ooo

pairwise resolve each such pair
Take conjunction of all the resolve clauses

Why is the result equisatisfiable



p up
C C UN r C V Nz r

GOn I l

Cm NN
Cm Na

What is the size f a after resolution

D PLL modifies resolution in DT
with DFS

Rules Let O be the current set f clauses
Choose a literal pin 8

Check satisfiability f b u p
guess p 1

if SAT then return True
else return result f satisfiability

of 2 U Tp



Itianatrinitontmat
KM

FM
sequence f literals denoting

partial assignment to variables

F CNF formula beingchecked
represented as list f clauses

initial state of 11 F



final state Fail F is unsar

MIG G equisatisfiablewith
F and MFG

Transitions

Unitprop Milf Cve Me Ilf Cve
if his unassigned in M
and M F 7C

Pureliteral MILF Me IF
if l is unassigned in M
l occurs in some clause in F
71 does not occur in F

Decide M IIF Med 11 F
if l is unassigned in M

both land il appear in
some clauses in F

Backtrack MedN 1156 7 M ell F C
if MedN F C
and N contains no decisionlitera



Fail MIF C Fail
if M 7C Msatisfies 7C
and M contains no decision
literals

Ff
x satisfies f



Empted
11 IVE TVI 2 V3 3 v2 V4

Pure literal
4 11 I V5 T.VE 2 V3 3 V2 V4

Ifdidi I v5 TVE 203 5 V2 104
Unit prop
44511 I V5 TVE 203 3 V2 I V4

Unit prop
4153111 V5 TVE 203 3582 V4

4T H'IVE TVE 2V3 3 v2 104
Unit prop

47211 IVE TVI V3 JV2 104

unit prop

452311 IVE TVI 2V3 3 v2

Fail



Automata Reachability and SAT

Given an automaton V O A D

and a candidate in variant IEvale

how to write the invariance check

Thm 7 1 as a satisfiability
problem

Example Automaton
variables
M IB
Nz B

To be filled

transitions
pre 24 V22 Pre 7 X X2

it eff Uz I eft x x

pre Nz A M Xz Xz

Aff Nz O



Sample executions
0117 1,17 o o To I

lil

The transition relation of this automaton
can be written a relation

I xx X Xz

I s n x

ar A Ax vary
Var X x var x

Flyte E X X2 Xi taxi X V
Xi Xi X axe XI On x X V

X X2 Xi X A XI Xz

Suppose I is an invaint
I X Xz X Xz

a SAT question

x Fe x I x A start condition

A X X Fp X X NI X I X

transition Cand

To check validity of this statement



I lg f g
FX FOG A TI X V

F X X F X X 1 I X A 7 I x
V

SAT question

F X X LF X A TI X V

Fp X X A I X A 7 I x


