















































Models for Computation Chapter2

The standard model of computation is
a semachine a.k.a automaton transition

system discrete transition system Kripkestructu

You have probably seen a finite statemachine
behaviors 1 2 3,2 3

F.ingytet t72 33 I
Start state is
Transitions E 5 5

42 22,27 22,37 3,273

Generalization f FSMs

Arbitrary number of states
Variables implicity definestates

Variables are the atoms or building blocks
for models

Once we have variables we can use

programs to define the transitions
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Examtlefet
us write the model f a

ball bouncing on the floor
velocity

X IR i hat
V IR o I

É I r got
x x trot

bonce x 0 v o Pre

eft V C V

Automaton Ball Ot g c o h
variables n R i h

V IR 0

Transitions Bounce
Tick Pre 270 Pre K 0 Ko

eff v v got Eff v c V
x u at



Avariabeisanameaaidentifier and
an associated type

is a set f variables
type N IR

type o IR

A vain for a set f variables v maps
each keV to a value in type n

E g M n lo o Ots o o

M N 7 o 2 V 9 83
Ot 1

Given a valuation v of V a restriction
of V to a particular variable nevis
written as y Tn 10 Vfr o z

E g U Tae V To

Set of all possible valuations of V Val V
a

Eg Val V W VINE IR VT EIR I IRXIR



Automaton
Def An automaton is 4 tuple AA V G A D

I is a set f variables val v aspan

Q Eval v set f initial values or states

A is a set f actin names

Deval V x A x real V set f
Tabeled transitions

iffv.a.vn EDwesaythatthere is a valid transition from
v to v by performing action a

We write this as v F v

prestate poststate

v th v v
a

vEg
a is enabled at
state u

An action a EA is enabled at a

state ve Val V if F V e really
such that vav



G when is bounce enabled

The set f states where an action
is enabled is called the

agent
or the precondition of the

Eg Pre bounce

When is tick enabled
Are they enabled at the same states



Nondeterminisy É
internal external

251 a 527 E D
and SI a 537 E D

An automaton is deterministic it
from any state ve really at most
one action is enabled and the
action uniquely determines the post state

AV Al 92 Vi V2
if u tore and v tree then
a az and V V2

Nondeterminism is the main mechasim

for modeling uncertainty in automata



Executions

An execution of an automaton A captures
a particular run or behavior L A

An execution of A is an alternating
sequence 2 No ai v az such that
each Vi Eval V ai e A and

V É Viti Vo t O

Excess Set f all exeations L A

Execsa O

ExecsA 0 k Finite executions f
length at most R

L fstale Vo

For a finite exertion a von Vic
the last state Vr is denoted byd I state



Reachablestates

A state v e real v is reachable
if I a finite execution a such that

d I state V

Reacha set of
all reachable slates
of A

Reach O

Reach O K

Vo ar

y

Reachable set of bouncing 
ball computed by CORA 

tool.



Ext Dijkstra's token ring algorithm
E Dijkstra 1930 2002

Shortest path algorithm
Dining philosophers problemstructured programming
Selfstabilization

only I token

Badgo.to

00

EEE



Token Ring
A distributed system in a ring topology in which

only one process has the token at any given
time

Used for

Dijkstra's token ring algorithm
N procenes

77 Ps Pa a single integer varia bl

f p p p p
B

type Xi K

K N

i to Xi f Xi I

Y 1057 10 A 12 12 7
10

I go go
3 T 12 12 K

I 2



Which processes have a token

i

i

DijkstraisAlgorithm

Pi can update state only when it
has a token Update rule
if i o then Xo Xo I mod k

it o then Xi Xi l

Execution of the system

starting from good state



10510 y 15 11 N 6
Which processIt 10110

3
has the token

10 10 y
10

to 10K

10 10

COO

O lo k

o o
O

o o

o o

T o o

K



12 127 Execution from
10 10 bad state

12 12.4
I updated

12 127
120

i

10
yo 12

I Update a

i no

10 10

10 12K

10 107
10

10 12

10 10

10

yo 10 K

K



Automaton DijktraTR N N K IN K N
variables

N NT K ti X i 10

actions

update i N updateCD
transitions
update i i to

Pre X IT X i D
Eff X IT X i D

update i 1 0

Pre X i XEN I

Eff X i X i I mod K

This defines an automaton ADijktra

V a

XC 10 tis

A update o update ni
D x update i X I s t

i if i o the
X 0 X N D and
X O X O I mod k
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Requirements for Token Ring
1System always has at least one token
2 System af has exactly one token
3x system eventually has exactly one token
4Process values are Ik

Irian A requirement that holds

always
More formally a property or a predicate
that is satisfied in all reachable
states of the system
Conservation is related to invariants
Related to conserved quantities

Def An invariant for automatonA is a

set of states I Eval V such that
Reach E I

Invariant is an over approximation of
the reachable stalest



14
Il
12

How to prove an invariant

Given I Check ReachASI.P

x I system has single token in x

Inductivelnvariant Floyd Haare Reasoning

Thggetinnifa the following two

Ca Start G E I
b transition closure H v via GA
if V GI and V v then V e I

then I is an invariant ii e Reachate
A vallo G A D



proof Consider any reachable state
V E Reacha VEI

From diet of reachable states 7 finite LEExeca
of 2 Voa Vi V K V

We will prove VEI by induction on the lengthof2

Bese case A has length 1 2 Vo v

since n is an exec Vo E 0

by Ca O EI Vo E I

Inductivestep a d a V and L satisfies
thestatement L Istate EI

by b it follows that v E I

It follows that any reachable state VEI
EE

Remath Than 7.1 conditions i and ii

give a method sufficient condition for
proving invariantrequrements



An Pcn

by induction

P o

assuming P
n

show P nti



12 Assuming initial state has a single
token system always has a single
token

proof We will use theorem 7.1

a initial state has a single token

b for any state with a single token
any transitiontakesustoanet
state with a single token

Two cases v V and V has 1 token
er a update o

Hi j X i X I from V E IZ and
pre update o

X o XLo I mod K
X Ci X I ti O

in the postate X o X N D o doesnothave
XIII X a I has token token

i 913 does not have token
V E IZ

ez a update i i to



Effriqriancheck verify that 12 is

In i'it 0 12 follows from assumption
that start state satisfies exactly one token

Check transition H Ve 12 a EA if VIV
then V E IZ

Fix any v e IZ two cases to consider
to show that V e 12

1 a update o

from precondition VFX O VIXEN i

from V E 12 ti O has token i V
i e VFX i VFX i i

fromeff V X o VFXCo I mod k

ti O V TX i VFX I I VFX o

Therefore only 5 1 has token
V E IZ

2 a update i i o

from precondition VFX i Vali D

from V E 12 tj i has token ji

from eft we can check that



I s

only Jtl mod N has token
V E IZ ME

Therefore 12 is an invariant i.e

if GE 12 Reach 12

Exercise Prove invariance f 11,14
using theorem 711

question What if I Eval v is invariant
but does not satisfy 71 i 71 ii

Safety verification Inv




